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 A Generalization of a Theorem of Diderrich in Additive Group
 Theory to Vertex-transitive Graphs
 I SABELLE S ALAU ¨  N
 Let  X  1  ,  X  2  ,  .  .  .  ,  X k  be a family of vertex-transitive graphs without triangles on the same
 vertex-set . We consider the set  L  of vertices which can be reached from a given vertex  a  by a
 path  e 1  ?  ?  ?  e t , where  e i  is an edge of  X j ( i ) with 1  <  j (1)  ,  j (2)  ,  ?  ?  ?  ,  j ( t )  <  k  and 0  <  t  <  k  (for
 t  5  0 ,  L  is equal to the singleton  h a j ) .
 Then , either  L  contains one of the connected components of  a  in one of the  X i ’s , or the
 cardinality of  L  is at least 1 plus the sum of the  k  outdegrees .
 This result , applied to groups , is a refinement of a theorem of Diderrich in additive group
 theory [2] .
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 1 .  I NTRODUCTION
 Notation not defined here may be found in Berge [1] . By a  graph  we mean a
 directed finite graph without loops or multiple edges . We say that a simple graph  X  is
 y  ertex - transiti y  e  if , for any two vertices  u  and  y  , there is an automorphism  f  of  X ,  such
 that  f  ( u )  5  y  .
 Let  X  5  ( V ,  E ) be a graph . A subset  A  of  V  is called a  cutset  of  X  if  X V 2 A  is not
 strongly connected . The  connecti y  ity  of  X  is  k  ( X  )  5  min h u A u ,  A  is a cutset or
 u V  2  A u  5  1 j .  If  a  is an element of  V  and  A  is a subset of  V  , we set
 d 1 ( a )  5  u h  y  P  V  3  ( a ,  y )  P  E j u ,
 d 2 ( a )  5  u h  y  P  V  3  (  y ,  a )  P  E j u
 N 1 ( A )  5  h  y  P  V  2  A  3  ' x  P  A ,  ( x ,  y )  P  E j  5  G 1 ( A )  2  A ,
 N 2 ( A )  5  h  y  P  V  2  A  3  ' x  P  A ,  (  y ,  x )  P  E j  5  G 2 ( A )  2  A .
 A subset  A  of  V  is called a positive (negative)  fragment  of  X  if  u N 1 ( A ) u  5  k  ( X  )
 ( u N 2 ( A ) u  5  k  ( X  ))  and  V  2  ( A  <  N 1 ( A ))  ?  [  ( V  2  ( A  <  N 2 ( A ))  ?  [ ) .  A fragment of
 minimal cardinality is called an  atom  [3] . If  X  is vertex-transitive , we have for all
 vertices  x  and  y  of  V , d 1 ( x )  5  d 1 (  y ) ( d 2 ( x )  5  d 2 (  y )) .  This number is called the
 outdegree  ( indegree ) of  X  and is denoted by  d 1 ( X  ) ( d 2 ( X  )) ; in this case ,  d 1 ( X  )  5
 d 2 ( X  ) .  By a  triangle  of a graph  X  5  ( V ,  E ) we mean three vertices  a ,  b  and  c  such that
 ( a ,  b ) ,  ( b ,  c ) and ( a ,  c ) are edges of  E .
 We prove the following :
 Let k be a positi y  e integer and let  ( X i  5  ( V ,  E i )) 1 < i < k be a family of  y  ertex - transiti y  e
 graphs without triangles . Let a be an element of V . We denote by  L k the set of  y  ertices of 
 h a j  <  !
 k
 t 5 1
 !
 1 < i 1 , i 2 ??? , i t < k
 G 1 i t  ( G
 1
 i t 2 1 ( ?  ?  ?  G
 1
 i 1  ( a ))) ,
 where  G 1 i j  ( A )  5  G
 1
 X i j
 ( A )  for any subset A of V .
 Then , either  u L k u  >  1  1  o k i 5 1  d 1 ( X i )  or  L k contains one of the connected components
 C i ( a ) of a in X i .
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 As a corollary , we obtain the following result in additive group theory :
 Let G be an arbitrary group written multiplicati y  ely . Let A and B be two non - empty
 subsets of G . We denote by AB the set of products ab , where a  P  A and b  P  B , and by
 k A l the subgroup generated by A . A subset S of a group G is said to be  product-free  if
 SS  >  S  5  [ .
 We prove the following result :
 Let G be an arbitrary finite group . Let k be a positi y  e integer and let S 1  ,  S 2  ,  .  .  .  ,  S k be
 non - empty product - free subsets of G . We denote by  S k the set of products a i 1 a i 2  ?  ?  ?  a i t  ,
 where  1  <  i 1  ,  i 2  ,  ?  ?  ?  ,  i t  <  k ,  1  <  t  <  k , and a i j  P  S i j . Then , only two cases are possible :
 either there exists i with  k S i l  Ô  S k or  u S k u  >  1  1  o k i 5 1  u S i u  .  o k i 5 1  u S i u .
 This is Diderrich’s theorem [2] when all the subsets  S i ’s are singletons . However , our
 result is more precise , because we know the form of the subgroup . Moreover , our
 proof is easier .
 2 .  P ROOF OF THE T HEOREM
 L EMMA 2 . 1 .  Let X be a finite  y  ertex - transiti y  e connected graph without triangles .
 Then ,  k  ( X  )  5  d 1 ( X  ) .
 P ROOF .  It is well-known that a finite vertex-transitive connected graph is strongly
 connected . Therefore  k  ( X  )  .  0 .  Let  A  be an atom of  X  (a graph has always an atom
 which is positive of negative) :  A  ?  [  because  k  ( X  )  .  0 .  We suppose  A  to be positive
 (if not , we work on the inverse graph of  X  ) .
 Let  x  be a vertex of  A .
 Case  1 .  N 1 ( x )  Ô  N 1 ( A ) .  In this case ,  k  ( X  )  5  u N 1 ( A ) u  >  d 1 ( x )  5  d 1 ( X  ) .
 Case  2 .  There exists  y  in  N 1 ( x )  >  A .
 We have  G 1 ( x )  <  G 1 (  y )  Ô  A  <  N 1 ( A ) .  As  X  has no triangle , we have  G 1 ( x )  >
 G 1 (  y )  5  [ .  Therefore , 2 d 1 ( X  )  <  u A u  1  k  ( X  ) .  Moreover ,  u A u  <  k  ( X  ) [4 ,  5] ,  and thus
 d 1 ( X  )  <  k  ( X  ) .
 As we trivially have  k  ( X  )  <  d 1 ( X  ) ,  we obtain finally  d 1 ( X  )  5  k  ( X  ) .  h
 The following lemma is well-known :
 L EMMA 2 . 2 .  A connected component of a finite  y  ertex - transiti y  e graph is a
 y  ertex - transiti y  e graph .
 T HEOREM 2 . 3 .  Let k be a positi y  e integer and let  ( X i  5  ( V ,  E i )) 1 < i < k be a family of
 finite  y  ertex - transiti y  e graphs without triangles . Let a be an element of V . Then , either
 u L k u  >  1  1  o k i 5 1  d 1 ( X i ) or  L k contains one of the connected components C i ( a )  of a in X i .
 P ROOF .  We prove the theorem by induction on  k .  Suppose that  L k 1 1 does not
 contain any of the  C i ( a )’s . By the induction hypothesis ,  u L k u  >  1  1  o k i 5 1  d 1 ( X i ) .
 We will apply Lemma 2 . 1 on  C k 1 1 ( a ) ,  which is vertex-transitive by Lemma 2 . 2 .
 We set  A k  5  L k  >  C k 1 1 ( a ) .
 A k  ?  [  because  a  P  A k .  We have  A k  ?  C k 1 1 ( a ) because  L k 1 1 does not contain any
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 of the  C i ( a )’s . For the same reason ,  G 1 k 1 1 ( A k )  <  L k  ?  C k 1 1 ( a ) .  Therefore , by Lemma
 2 . 1 applied on  C k 1 1 ( a ) ,
 u G 1 k 1 1  ( A k )  2  A k u  >  d 1 ( C k 1 1 ( a ))  5  d 1 ( X k 1 1 ) .
 As  L k  >  ( G
 1
 k 1 1 ( A k )  2  A k )  5  [ , we obtain  u L k 1 1 u  >  1  1  o k 1 1 i 5 1  d 1 ( X i ) .  h
 C OROLLARY 2 . 4 .  Let G be an arbitrary finite group . Let k be a positi y  e integer and let
 S 1  ,  S 2  ,  .  .  .  ,  S k be non - empty product - free subsets of G . Then , either there exists i with
 k S i l  Ô  S k or  u S k u  >  1  1  o k i 5 1  u S i u .
 P ROOF .  We apply Theorem 2 . 3 on the family  X i  5  Cay ( k S i l ,  S i )  5  ( k S i l ,  E i ) ,  where
 E i  5  h ( x ,  y ) :  x  2 1 y  P  S i j  with  a  5  1 .  It is easy to see that the graphs are vertex-transitive
 and that  C i (1)  5  k S i l .  h
 C OROLLARY 2 . 5 .  Let G be a finite group of order n  ( n  .  1)  and let a 1  ,  a 2  ,  .  .  .  ,  a n be a
 sequence of non - unit elements of G . The set S of products a i 1  3  ?  ?  ?  3  a i t  , where
 1  <  i 1  ,  ?  ?  ?  ,  i t  <  n and  1  <  t  <  n must contain a non - tri y  ial subgroup H of G of the
 form  k a i l .
 P ROOF .  This is Corollary 2 . 4 for  S i  5  h a i j .  This is Theorem B of Diderrich [2] , but
 our result is more precise , because we know that  H  is one of the  k a i l ’s .  h
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